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A general theory of 

of structural eigenvalue 

elastic post-buckling, applicable to a wide class 

problems, is developed in generalized coordinates. 

Attention is restricted to the initial post-buckling path of the structural 

system on a plot of the load against the critical principal coordinate, and 

exact first-order solutions for the path are presented. These solutions 

are compared with the predictions of the non-linear Rayleigh-Ritz analysis 

in which the linear buckling mode is employed as the assumed form, and 

theorems concerning the results of this analysis are established. 

It is seen that the Rayleigh-Ritz analysis will always yield the 

correct initial slope for the post-buckling path, and that when this slope 

is zero the analysis will supply an upper bound for the initial curvature. 

For symmetric systems it is further shown that the Rayleigh-Ritz analysis 

will always yield the correct initial curvature, while if the curvature 

is zero the analysis will supply an upper bound f o r  the fourth derivative. 
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I. INTRODUCTION 

Experience with t h i n  s h e l l  s t ruc tures  has  indicated (1) t h a t  on 

encountering any new eigenvalue buckling problem i n  t h i s  f i e l d ,  an attempt 

must be made t o  assess  t h e  post-buckling c h a r a c t e r i s t i c s  of the  s t r u c t u r a l  

system. If the  load-carrying capacity of t h e  idea l ized  s t ruc ture  i s  

observed t o  f a l l  a s  t he  buckling deformation develops, the  lowest eigen- 

value c r i t i c a l  load may represent a poor and unsafe estimate of t he  

s t a b i l i t y  l i m i t  of a p r a c t i c a l  imperfect s t ruc tu re .  

A quick and r e l i a b l e  procedure f o r  examining t h e  i n i t i a l  post-  

buckling behavior of a s t ruc tu re  is  c l e a r l y  required,  and one such pro- 

cedure has been developed by Koiter ( 2 ) ( 3 ) .  

t he  presumably known l inea r  buckling mode, and involves the  so lu t ion  of 

a s e t  of l i n e a r  equations t o  determine t h e  s m a l l  i n i t i a l  changes i n  the  

buckled form. 

This method makes use of 

A simpler procedure, which however y i e lds  l e s s  de t a i l ed  information 

about t he  i n i t i a l  post-buckling path, i s  t o  use t h e  known l inea r  buckling 

mode as t h e  assumed form i n  a non-linear Rayleigh-Ritz ana lys i s .  

concerning the  r e s u l t s  of t h i s  procedure a r e  es tab l i shed  i n  the present 

paper e 

Theorems 

A general  theory of e l a s t i c  post-buckling, appl icable  t o  a wide 

c l a s s  of s t r u c t u r a l  eigenvalue problems i s  f i r s t  developed i n  generalized 

coordinates,  following t h e  l i n e s  of an e a r l i e r  study of e l a s t i c  i n s t a b i l i t y  

(4). 
path of t h e  s t r u c t u r a l  system, and these  a r e  subsequently compared with 

t h e  r e s u l t s  of t he  non-linear Rayleigh-Ritz procedure. 

F i r s t -order  solut ions a re  es tabl ished f o r  t h e  i n i t i a l  post-buckling 

11. GENERAL REMARKS 

The s e n s i t i v i t y  of the  s t a b i l i t y  l i m i t  of an eigenvalue buckling 

system t o  i n i t i a l  per turbat ions i s  la rge ly  determined by t h e  post-buckling 

c h a r a c t e r i s t i c s  of t he  ideal ized perfect  system. Thus i f  no adjacent 

post-buckling equilibrium s t a t e s  ex i s t  a t  loads l e s s  than t h e  c r i t i c a l  
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load, i n i t i a l  imperfections w i l l  usual ly  be in s ign i f i can t .  If on the  

other  hand a post-buckling path emerging from t h e  first branching point  

y i e lds  adjacent e q u i l i b r h m  s t a t e s  a t  loads l e s s  than t h e  c r i t i c a l  load, 

i n i t i a l  imperfections can be expected t o  y ie ld  a marked lowering of t h e  

s t a b i l i t y  l i m i t .  The r a t e  a t  which the  load-carrying capaci ty  of t h e  

s t ruc tu re  decreases along t h i s  path w i l l  moreover be s ign i f i can t  i n  

determining the  prec ise  s e n s i t i v i t y  of t h e  s t a b i l i t y  l i m i t .  

It i s  c l e a r  from the  above remarks t h a t  the  i n i t i a l  post-buckling 

behavior of a s t ruc tu re  i s  of considerable p r a c t i c a l  importance. If, 

moreover, t he  f i r s t  c r i t i c a l  load is  d i sc ree t ,  it i s  apparent t h a t  t he  

f i r s t - o r d e r  so lu t ion  of t h e  corresponding post-buckling path w i l l  be of 

primary i n t e r e s t .  Considering t h e  path on a p l o t  of t h e  load against  

t h e  c r i t i c a l  mode amplitude f o r  example, i n t e r e s t  w i l l  focus i n  the  f i r s t  

instance on t h e  i n i t i a l  slope,  while if  the slope i s  seen t o  be zero, 

i n t e r e s t  w i l l  be t r ans fe r r ed  t o  the  i n i t i a l  curvature.  

The theorems of t he  present paper a r e  r e s t r i c t e d  t o  eigenvalue 

problems exhibi t ing d i sc ree t  c r i t i c a l  loads, and i n  t h e  l i g h t  of t h e  

preceding remarks a r e  concerned with t h e  f i r s t - o r d e r  so lu t ions  of t h e  

i n i t i a l  post-buckling path.  

Many s t r u c t u r a l  systems are designed with a high degree of symmetry, 

and, i f  t h e  symmetry i s  preserved by an appropriate  choice of coordinates,  

t he  post-buckling paths of these systems w i l l  consequently be symmetric 

about t he  load ax i s .  

systems a r e  presented, t h e  value of these  theorems lying i n  t h e  f a c t  t h a t  

t he  symmetry of a system can usual ly  be establ ished by a preliminary 

inspect ion.  

Two theorems appl icable  exclusively t o  such symmetric 

111. STRUCTURAL SYSTEM 

The general  ana lys i s  and theorems of t h e  paper a r e  concerned with 

t h e  post-buckling behavior of any e l a s t i c  s t ruc tu re  t h a t y i e l d s  a w e l l -  

behaved eigenvalue buckling problem under t h e  inf  h e n c e  of a s ing le  
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FIG.  1.  STRUCTURAL SYSTEM 



generalized conservative load. An energy formulation capable of describing 

any such s t r u c t u r a l  system i s  developed i n  the  present  sect ion.  

It i s  assumed t h a t  t he  deformations of the  e l a s t i c  s t ruc tu re  can be 

analyzed i n t o  mode-forms, the  amplitudes of which w i l l  supply a set of 

generalized coordinates f o r  the  s t ruc ture .  It is  fu r the r  assumed t h a t  the  

behavior of t h e  s t ruc tu re  can be described s a t i s f a c t o r i l y  by the  use of a 

large but f i n i t e  number of coordinates. 

Considering then a f i n i t e  s e t  of n generalized coordinates, qi , 
the  s t r a i n  energy of t h e  s t ruc tu re  can be represented by a single-valued 

function, U( q. ) , of these  coordinates. 
1 

Introducing now a generalized displacement represented by the  s ingle-  

valued funct ion E(qi), w e  s h a l l  suppose the  s t ruc tu re  t o  be loaded by a 

dead generalized conservative force of magnitude P ac t ing  on t h i s  d i s -  

placement, as shown i n  t h e  schematic diagram of Figure 1. The t o t a l  poten- 

t i a l  energy of t h e  s t r u c t u r a l  system can thus be wr i t ten  as V = U(qi) - 
PE( qi 1. 

We suppose fu r the r  t h a t  t h e  s t r u c t u r a l  system y ie lds  a well-behaved 

eigenvalue problem with the  t r i v i a l  undeformed equilibrium s t a t e ,  

= E ( O )  = o f o r  a l l  values of P. q i  
U(qi) and E ( q . )  as power or Taylor 

a s  follows, 
1 

Then we can expand the  funct ions 

series i n  t h e  generalized coordinates 

q .  qk + ... 
J 

Here t h e  dummy s u f f i x  convention i s  employed with a l l  summations ranging 

from 1 t o  n: t h e  coef f ic ien ts  a re  constants  for a given system, and 

the  sets of coe f f i c i en t s  are assumed t o  be symmetric i n  t h e  sense t h a t  

e t c .  - 
i j k  - n k j i  = n j i k  n 

The quadratic form of t he  s t r a i n  energy being pos i t i ve  de f in i t e ,  t h e  

quadratic forms of U (  qi) and E(  g .  ) can be simultaneously diagonalized 

by means of a r e a l  non-singular l inear  transformation of coordinates. If 
1 

t he  new (p r inc ipa l )  coordinates a re  ui, we then have 
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+ ... J 2 1  
G .  U .  + 7 H 1 E = -  

2 1 1 o i j k  ui uj  % 

where t h e  pos i t ive-def in i te  quadratic form has been normalized. The new 

coef f ic ien ts ,  Gi, N i j k j  e t c .  a r e  functions of t h e  previous coef f ic ien ts ,  

mij, gij, e t c .  

The t o t a l  p o t e n t i a l  energy of the  system can now be wr i t ten  as 

Thus, focusing a t t e n t i o n  on the  t r i v i a l  loaded equilibrium s t a t e  defined 

by P = P  = u = 0, and introducing t h e  new symbols, 
0,  ‘i i 

p = P -  7 

C . = l -  

Di j k  

’ 0  Gi 1 , 
? e t c .  , - - Nijk - Po Hijk 

w e  can f i n a l l y  wr i te  the  t o t a l  p o t e n t i a l  energy function i n  t h e  form, 

i 1 2 1  - c.  u. + 2 1 1 6 D i j k  v =  ( 
- P (L G .  u. 2 1  + + ...) 

2 1 1 H i j k  ui u j  % 

( 3 )  

Equilibrium states of t h e  system a r e  defined by t h e  

i 

n equations 

aV/& = 0, and the  c r i t i c a l  loads a r e  given by t h e  n equations, 

C . = l - P o G i = O  
1 

That i s  t o  say, t h e  c r i t i c a l  load associated with t h e  pr inc ipa l  coordinate 

u i s  given by P. = l / G i .  i 1 

We s h a l l  assume t h a t  the  c r i t i c a l  loads are d iscree t ,  so t h a t  

Pi f Pj  f o r  i f j ,  and we s h a l l  r e s t r i c t  a t t e n t i o n  t o  the  f i r s t  branch- 

ing point  a t  which t h e  i n i t i a l  s t a b i l i t y  of t h e  s t r u c t u r e  i s  l o s t .  



Assuming then t h a t  P1 = l/G1 i s  the first c r i t i c a l  load, w e  s h a l l  

s e t  P = P1, so  t h a t  p = P - P1. The c r i t i c a l  p r inc ipa l  coordinate 

i s  thus 

s t a b i l i t y  coe f f i c i en t  i s  zero, while t h e  remaining s t a b i l i t y  coe f f i c i en t s  

a r e  a l l  pos i t ive ;  t h a t  i s  t o  say, C1 = 0, while Cs > 0 f o r  s f 1. 

0 

u, ,  and a t  t h e  branching point  under considerat ion t h e  associated 
I 

I V  * INITIAL POST-BUCKLING PATH 

W e  wish now t o  study the  behavior of t h i s  s t r u c t u r a l  system i n  t h e  

v i c i n i t y  of t he  f i rs t  c r i t i c a l  equilibrium s t a t e .  That i s  t o  say, we 

wish t o  obtain a f i r s t - o r d e r  non-linear so lu t ion  of t he  equilibrium equa- 

t i o n s  aV/au. = 0, t h a t  i s  cor rec t  i n  the  immediate v i c i n i t y  of t h i s  s t a t e .  

4.1. Preliminary Analysis. I n  the region under considerat ion it i s  c l e a r  

t h a t  p and a l l  t h e  ui w i l l  be (vanishingly) small, and t h a t  along t h e  

i n i t i a l  post-buckling path t h e  c r i t i c a l  p r inc ipa l  coordinate, u w i l l  

be la rge  i n  comparison with any other p r inc ipa l  coordinate, u where 

1 

1’ 

S’ 
s f 1. 

Thus s ince  C1 is  equal t o  zero, and s ince  G1(= l/P1) i s  neces- 

s a r i l y  non-zero, t he  equilibrium equation (aV/auJ = 0 

t h e  form 

can be wr i t t en  i n  

=($  Dli j  u i u j + l E  l i j k  
1 

Here and subsequently f3 

i n  t he l imi t  as p tends t o  zero, and t h e  coe f f i c i en t s  

stood t o  a r i s e  from t h e  f irst  se r i e s  of Eq. (3) .  

i s  used t o  represent  any expression t h a t  vanishes 
4 

a r e  under- *li jk  

Further,  s ince  C f 0 f o r  s f 1, the  equilibrium equation 
S 

(aV/aus) = 0 can be wr i t t en  i n  the  form 
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I 

- p ( 5 1 Hsij ui uJ + (q) cs u1 
( 5 )  

4.2. I n i t i a l  Slope. 

buckling path i s  r ead i ly  derived. 

An expession f o r  the  i n i t i a l  slope of the  pos t -  

Thus from Eq. (4)  we can immediately wri te  

D 
L i m i t  LL =111 ' 

u1 2G1 

so  wr i t ing  D = D we have i n  a l l  circumstances, 1 111' 

Here and subsequently, it i s  t o  be understood t h a t  der iva t ives  r e f e r  t o  

t h e  post-buckling path a t  the  branching poin t .  

Since, i n  a mathematical sense, D1 i s  " i n  general" non-zero, it i s  

seen t h a t  a "general" eigenvalue branching configurat ion w i l l  exh ib i t  a 

f i n i t e  i n i t i a l  slope on a p l o t  of the load aga ins t  t he  c r i t i c a l  p r i n c i p a l  

coordinate.  

of s t a b i l i t i e s "  ( 3 ) ( 4 )  a s  indicated by the  two configurations of Fig. 2, 

i n  which a s t a b l e  path has been represented by a continuous curve, an unstable  

path by a broken curve. 

Such a branching configuration i s  associated with an "exchange 

An Euler s t r u t  constrained l a t e r a l l y  by a non-linear spring ( 5 ) ,  and 

c e r t a i n  r i g i d -  jo in ted  t r i angu la r  frames (6)  exh ib i t  branching configura- 

t i o n s  of t h i s  type.  

4.3. I n i t i a l  Curvature. When the i n i t i a l  s lope i s  zero, i n t e r e s t  

focuses  on the  i n i t i a l  curvature.  We s h a l l  thus derive an expression f o r  

t he  curvature  under the  condition t h a t  D = 0 .  1 
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FIG, 2 .  GENERAL EIGENVALUE BRANCHING 

CONFIGURATIONS ( D I P  0 ) 

I FIG.3. NON-GENERAL EIGENVALUE BRANCHING 
I 

CONFIGURATIONS ( Dl = 0 )  I 



From Eq. ( 5 )  w e  have 

+ ?  
S 

U D 
S - =  - -  

2cS 
2 

and s e t t i n g  D = 0 we have f i l i a l ly  1 

where E = E Thus i n  a l l  circumstances f o r  which t h e  i n i t i a l  slope 

i s  zero, w e  have 
1 1111' 

Denotingthe right-hand s ide  by T, we see t h a t  T can be e i t h e r  

pos i t i ve  o r  negative, giving the  two "non-general" branching configura- 

t i o n s  of Fig.  3. 

When the  curvature i s  pos i t ive ,  t h e  r i s i n g  paths a r e  s t ab le  (3), 

an  example of t h i s  behavior being the unconstrained Euler s t r u t .  When 

the  curvature i s  negative the  f a l l i n g  paths a r e  unstable ,  and an example 

of t h i s  behavior i s  provided by the  a x i a l l y  loaded cy l ind r i ca l  panel (7) .  

4.4. Symmetric System. I n  many problems of p r a c t i c a l  i n t e r e s t ,  t h e  

S t ruc ture  and i ts  loads a r e  conpletely symmetric, so t h a t  i n  a symmetric 

coordinate system t h e  Taylor expansions f o r  E and U w i l l  contain 

no odd terms. 

odd terms, so t h e  coe f f i c i en t s ,  D, F, ..., and H, J, . - . )  w i l l  be 

i d e n t i c a l l y  zero. We s h a l l  now examine t h e  i n i t i a l  post-buckling behavior 

of such a symmetric system. 

The energy expansion of Eq. (3 )  w i l l  l ikewise contain no 

Since D1 i s  now i d e n t i c a l l y  zero, w e  see from the  previous r e s u l t ,  

which i s  of course s t i l l  applicable,  t h a t  t h e  i n i t i a l  slope i s  zero. 
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That i s  t o  say, (aP/au,) = 0, a r e s u l t  which is  apparent from t h e  assumed 

symmetry. Morover, s ince a l l  t he  D coef f ic ien ts  a r e  iden t i ca l ly  zero, 

we have from Eq. (7), 

The t h i r d  der iva t ive  is  zero from the  assumed symmetry, and we s h a l l  

proceed t o  evaluate the  four th  der iva t ive  under the  condition t h a t  t he  

curvature i s  zero.  

When t h e  system i s  symmetric, Eq. ( 5 )  reduces t o  the  form 

U E 
S 

& + @  
- =  

S 
3 
1 U 

Then subs t i tu t ing  f o r  u i n  Eq. ( 4 )  s l l l '  S 
f o r  s f 1, where E E 

S 

and s e t t i n g  E = 0 gives  f i n a l l y ,  1 

which i s  va l id  f o r  a symmetric system when the  i n i t i a l  curvature i s  zero.  

Here 

series of Eq.  ( 3 ) .  

the  l a t t e r  being understood t o  a r i s e  from the  f irst  
G1l G1lllll' 

V. RAYLI3IGH-RITZ SOLUTIONS 

L e t  us now examine the  solut ions t h a t  would be obtained f o r  t he  

i n i t i a l  post-buckling path by the  use of t h e  Rayleigh-Ritz energy method. 

It i s  assumed t h a t  t h e  method i s  used i n  the  context of an appropriate 

non-linear energy formulation, and t h a t  t he  c r i t i c a l  eigenfunction i s  

used as t h e  assumed form, t h e  amplitude of t h i s  funct ion being t h e  only 

free parameter of t he  ana lys i s .  

- 8 -  



The energy function, V(p,ui) of Eq. ( 3 ) ,  i s  contained impl i c i t l y  

within the  non-linear energy formulation, and t h e  assumed form corresponds 

t o  t h e  c r i t i c a l  p r inc ipa l  coordinate u 1' 
Rayleigh-Ritz ana lys i s  can thus be obtained by s e t t i n g  u = 0 f o r  s f 1 

i n  Eq. ( 3 ) ,  and the  s ing le  equilibrium equation of t h e  ana lys i s  can then 

be obtained by s e t t i n g  

The energy funct ion of t he  

S 

(aV/au ) = 0. 1 

It follows immediately t h a t  the  Rayleigh-Ritz post-buckling so lu t ion  

i s  given by 

' E u  f . . .  1 

U 1 1 G1 + 
P = 2  -D1+6 11 

Y 

- H u  f... 2 1 1  

from which t h e  corresponding f i r s t - o r d e r  so lu t ions  a r e  r ead i ly  derived. 

These f i r s t - o r d e r  solut ions can i n  f a c t  be obtained from t h e  exact solu- 

t i o n s  by equating t o  zero a l l  energy coe f f i c i en t s  containing a subscr ipt  

s, where s f 1. 

Since G1 i s  necessar i ly  non-zero, Eq. (10) ind ica tes  t h a t  p w i l l  

i n  a l l  circumstances vanish with u A s  i s  well-known, t h e  proposed 

Rayleigh-Ritz ana lys i s  w i l l  thus y ie ld  t h e  cor rec t  c r i t i c a l  load. 
1' 

The Rayleigh-Ritz so lu t ion  f o r  t he  i n i t i a l  slope i s  seen t o  be 

D1/2G1, which agrees with t h e  exact so lu t ion  of Eq.  ( 6 ) .  
procedure w i l l  thus  y i e ld  the  correct  i n i t i a l  slope f o r  t h e  post-buckling 

path i n  a l l  circumstances. 

The Rayleigh-Ritz 

When the  i n i t i a l  slope i s  zero, t he  Rayleigh-Ritz procedure gives the  

so lu t ion  E1/3G1 

term of t h e  exact so lu t ion  of Eq. ( 7 ) .  Moreover, s ince we are considering 

f o r  the  i n i t i a l  curvature, which corresponds t o  the  f i r s t  

t h e  f i r s t  c r i t i c a l  load f o r  which C s  > 0 f o r  

second term of Eq. ( 7 )  
s f 1, w e  see t h a t  t he  

can never be negative. Thus since GI i s  necessar i ly  pos i t ive ,  we see 
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t h a t ,  when t h e  i n i t i a l  slope i s  zero, t he  Rayleigh-Ritz so lu t ion  w i l l  

y i e ld  a n  upper bound f o r  t h e  i n i t i a l  curvature. 

I n  a similar manner it i s  readi ly  seen t h a t  f o r  a symmetric system 

the  Rayleigh-Ritz procedure w i l l  always y i e ld  the  cor rec t  i n i t i a l  curva- 

t u re ,  and t h a t  when the  curvature i s  zero the  procedure w i l l  y i e ld  

an upper bound f o r  t he  four th  der ivat ive.  

V I .  CONCLUSIONS 

The r e s u l t s  of t he  paper concerning,khe Rayleigh-Ritz procedure can 

be summarized i n  a formal manner as follows. 

A n  e l a s t i c  s t ruc tu re  subjected t o  a s ing le  generalized conservative 

load i s  considered. It i s  assumed t h a t  t h e  behavior of t h e  s t ruc tu re  can 

be described s a t i s f a c t o r i l y  By a large but f i n i t e  number of generalized 

coordinates,  and t h a t  with t h e  use of these coordinates the  s t r u c t u r a l  

system y ie lds  a well-behaved eigenvalue problem lying within the  general  

formulation of s ec t ion  111. It i s  assumed t h a t  t he  c r i t i c a l  loads of t he  

system a r e  d i sc ree t ,  and a t t e n t i o n  i s  r e s t r i c t e d  t o  the  f i r s t  branching 

point ,  a t  which t h e  i n i t i a l  s t a b i l i t y  of t h e  s t ruc tu re  i s  l o s t .  

A s  a spec ia l  case,  a symmetric system i s  considered, the  s t ruc tu re  

of which encounters i d e n t i c a l  conditions a s  it buckles i n  e i t h e r  of t he  

two poss ib le  d i rec t ions .  For such a system, assuming t h a t  t he  symmetry 

i s  preserved by an appropriate  choice of coordinates,  t h e  s t r a i n  energy 

and t h e  def lec t ion  of t h e  load w i l l  both be even funct ions of t h e  coordin- 

ates.  The post-buckling paths w i l l  moreover be symmetric about t h e  load 

a x i s .  

It i s  assumed t h a t  the  l i n e a r  eigenvalue problem has been solved 

exact ly ,  so t h a t  t h e  l i nea r  buckling mode i s  known, and t h a t  an est imate  

of t h e  i n i t i a l  post-buckling behavior of t he  s t r u c t u r a l  system i s  required.  

For t h i s  estimate,  t h e  l i n e a r  buckling mode can be used a s  the  assumed 

form i n  a non-linear Rayleigh-Ritz ana lys i s .  
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Rest r ic t ing  a t t e n t i o n  t o  the  branching conditions on a p l o t  of t he  

load aga ins t  t he  amplitude of t he  l i nea r  buckling mode, t he  following 

r e s u l t s  have been es tab l i shed .  

Theorem 1. The non-linear Rayleigh-Ritz ana lys i s  employing t h e  

l i n e a r  buckling mode w i l l  y i e ld  the  cor rec t  i n i t i a l  slope f o r  t h e  post-  

buckling path under a l l  circumstances. 

Theorem 2. When the  i n i t i a l  slope i s  zero, t h e  non-linear Rayleigh- 

Ri tz  ana lys i s  employing t h e  l i n e a r  buckling mode w i l l  y i e ld  an upper bound 

f o r  t h e  i n i t i a l  curvature of t h e  post-buckling path.  

Theorem 3. The non-linear Rayleigh-Ritz ana lys i s  employing the  

l i n e a r  buckling mode w i l l  y i e ld  the  cor rec t  i n i t i a l  curvature f o r  t he  

post-buckling path of a symmetric system. 

Theorem 4. When the  i n i t i a l  curvature i s  zero, t h e  non-linear 

Rayleigh-Ritz ana lys i s  employing the l i n e a r  buckling mode w i l l  y i e ld  an 

upper bound f o r  t h e  i n i t i a l  four th  der iva t ive  of t h e  post-buckling path 

of a symmetric system. 
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